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Matrices and Determinants

Miscellaneous Exercise Question Bank

Level -1

(i) Use, C,—C +C,+C; = C; =0 = Determinant value =0
(ii) Use, R, — R, + R, and then take (a + b + c) out of the determinant which leads to R, equal to R,
=  Determinant value =0
(iii) Use, C, —— C, + C; and then take (ab + b ¢ + ca) out of the determinant which leads to C, equal to C,,.
=  Determinant value =0
(iv) Use, C,—C+Cy+C; = C =0 = Determinant value =0
(v) Use, Ri—R -R,andR, — R, —R;
0 (b-a)c c(b-a)(a+b+c) 0 1 a+b+c
= D=0 (c-b)a a(c-b)(a+b+c)| =ac(b-a)(c-a)|0 1 a+b+c |=0
1 ab ab(a+b) 1 ab ab(a+h)
(vi)  Use, RR——R —R,andR, — >R, —Ry
(c-a)
0 b(a-c
(a-c) <
a_
= D=0 c(b-a) ( )=0
ab
1 ca 1+l
c a
(vii)  Use R;—»> R;—R,andR, >R, -R,
0 (a-b) (a-b)(a+b+c) 0 1 (a+b+c)
= D=0 (b-c) (b-c)(a+b+c)|=(a-b)(b—c)[0 1 (a+b+c)|=0 [AsR,=R,]
1 c c? —ab 1 ¢ c®-ab
0 a -b
(viii) —-a 0 c|=abc-abc=0
b —c 0
(1 Use, C,—>C,-C,andC,— C,-C,
0 0 1
= D=(a-b)(b—c)|1 1 ¢ |=(a-b)(b-c)(c—a). Hence proved
-c -a ab
(ii) Use, C,—>C,-C,andC,—C,-C,
a-b b-c ¢ 1 1 C
= D=|a?-b? b?-c? c? |=(a-b)(b—c)|la+b b+c c?
b-a c-b a+b -1 -1 a+b
Operate R; >R, + R,
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0 0 (c+a+h)
= (a-b)(b-c)|a+b b+c c?
-1 -1 a+b

=(@a-b)(b -c)(c-a)(a+b+c). Hence proved

(i) Use, C,—>C,-C,andC,—C,-C,

0 0 1 0 0 1
= D=|(a-b) (b—c) ¢ |=(a-b)(b-c) 1 1 c
(a3 —b3) (b3 —03) c3 (a2 +ab+b2) (b2 +c? +bc) c3

=(a-b)(b-c) (b2 +c2+bc-aZ-ab-h?
= (a-b)(b-c)(c-a) (a+b+c). Hence proved

(iv) Use, C,—»>C-C,andC,»C,-C,
0 0 1
= D= (a2 —b2) (b2 —c2) ¢? | = (a2 - b?) (b3 - c3) - (a® - b?)( b2 - c2)
(a3 —b3) (b3—c3) c?
=(a-b) (b-c) (c—-a) (ab + bc +ca) Hence proved
(v) Use, C,—»>C-C,andC,»C,-C,
0 0 1
= D=| (a-h) (b-c) ¢ |=(a-b)(*-c)-(b-c)(a*-b*
(a4 —b4) (b4—c4) ct

=(a-b) (b-c) (c-a) (@ + b2+ c?+ab + bc + ca). Hence proved

3. (1 Use, C,—>C,-C;andC,—C,-C,
(y+z-x) 0 X
= D=| 0 (z+x-y) y

(z-x-y) (z—x=y) (x+y)
R,— R,—R,-R,

(y+z-x) 0 X
= D=| 0 (z+x-y) y| =4xyz Hence proved
-2y —2X 0
(ii) Use, R, >R, -R,andR, > R, - R,
b? ~a®  b*-a?
= D=[c®*-b?> ¢? ~b?
b? a’ a® +b?

Use, R, > R; + R,
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2b? 0 2b?
=lc2-p?> ¢ -p?
b? a’ a% +b?

0 0 2b?
=|c? c? —b? | = 4a2 b%2 Hence Proved
—a® a? a® +b?

(iii) Same as Q. 3(i) replace x = a2,y =h? z=c2
(iv) Use, R, —>R;-R,andR, - R, -R,
—ab  bc-b® 2
= D=| a® -bc ac—c

ab  bc+b? c?

2

Use,R; > R; +R;

—ab  bc-b® ¢?
2

=| a -bc ac—c
0 2bc 2c?
2 2
0 be-b2-2C  2ipe P
bR
Use, R, >R, +—2 ; D=|a’ ~be ac—c?
a
0 2bc 2c?
2 2
= —a’ {202 [bc—b2 —b—CJ—Zbc[cz +he—2¢" }:4a2bzc2 . Hence proved
a a
4.(B) Given 4A° +2A%2 +7A+1=0
Pre-multiply with A™
= AT[4A% +2A% +7A+1]=0 = 41A% +21A+71+ A1 =0.A7
= I(4A2 +2A+T)+ A 1=0 = A =—(4AZ+2A+T71).

3 —1+x 2
5.(D) For the given matrix to be singular, we must have, | 3 -1 x+2|=0
X+3 -1 2

3 -1+x 2 X+4 -1+x 2

= 0 -x x|=0,[R,>R,-R,R;3>R;-R;] = 0 -x  x|=0,[C, »>C,+C,+Cq4]
X -x 0 0 -x 0

= X+4)(0+x*)=0=x=-4,0 Note that only -4 [-4,-1].
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6.(B) Since A = ad+A and if A is eigen value of A, then 1™ is eigen value of A™.

Thus for adj(A)X = (A72X)| A4 A] A7M.
Thus, eigen value corresponding to 4 = 3 is 4/3 and correspondingto A =-2 is4/-2=-2.

7.(A)  1+P+P%4+...... +P" =0
Pre-multiplying both sides by P~*
= P Lyl P oo, +P" Y —opt = PLlilL+P+P2 4., +P"=0
= Ple@+P+P24 ... +P ) = Pt=—(-P")=pP"
(1 2 3 -1 -2 P
8.(A) P=l2 3 4| |-2 0
O O 1 2x3
,3 4 53><3 —4 3x2
-3 _14
4 -5 _6
P=|-8 -20 o o 1
-1 26, , 2x3
(12 15 4
P=(32 40 28| = P,=40.
44 55 40

9.(A) A=1@*-D+0"@" -0 +0* (" -0*")
A=[@®)" -1]+0+ 0" [o" — (0®)".0"]
A=1-1+0+0"[0"-»"]=0.

sin(@+a) cos(0+a) 1

10.(D) Given A=|sin(@+p) cos(0+p) 1
sin(@+y) cos(6+y) 1

Operate R, > R, -R;,R; > R; —R;
A ={cos(@ + y)—cos(@ + )} {sin@ + B)—sin@ + )} —{cos(@ + B) —cos(0 +a)H{sin@ +y)—sin@+a)}
=sin(8 —y)—sin(8 —a) - sinf@ — ), which is independent of ¢ .
11.(C) Eachterm in A, xA, is the sum of three terms. So each entry in C, or C, or C, in A;xA, is the sum of three
terms. Hence, A; x A, can be written as the sum of 3 x 3 x 3 = 27 determinants

a-x ¢
12.(C) c b-x a |=0
b a Cc-X
a+tb+c-x ¢ b 1 c b
= a+b+c-x b-x a |=0 = x->afl b-x a |=0
a+b+c-x a c-x 1 a c¢c-x
= x=>a=0 (By hypothesis)
or 1{(b-x)c-x)-a®}-c{c-x —a}+b{a—b+x}=0 by expanding the determinant.
or x?—@*+b%+c?H)+@+bc+ca)=0 or xz—(Zaz)—%(Zaz):O {'.-a+b+c:0é(a+b+c)2:0
= Za2+22ab:032ab:—%2a2} or x=t %Zaz - The solution is x =0 ori‘/%Zaz.
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13.(A) The system will have a non-zero solution, if

} (@a+1)® (a+2)® a® 3a%+3a+1 3(a+1)’+3(a+l)+1

a
A=| a a+l a+2 |=0 = a’ 1 1 =0
1 1 1 1 0 0

by  C,—>C,—Cj; Cys—>Cs—C,
= 3a® +3a+1-{3(a+1)? +3(@+1)+1} (expanding along R;)

= —6@+1)=0=a=-1.

14.(D) Fundamental concept.

2+x 3 4
15.(B) Given,| 1 -1 2 (=0
X 1 -5
= +x)6-2)-3(-5-2x)+4(L+x)=0 = 6+3x+15+6x+4+4x=0 = 13x=—25:x=—%.
X+Yy 1+ xy
16.(C) A(z)=A =
© A@) (1+xyj {(1—x)(1—y)}
{5
+ Xy
A(x)-A(y) = A(z).
_| XY 1
(1+xyj
17.(C) | Al=-20 a,, = Cotactorof 6 _-8_-2.
=20 20 5
cosa. —sinoe 0 coso.  sina 0 1 00
18.(A) Wehave F(o)F(-a)=|sine cosa 0| |-sinoa cosa O[=|0 1 O|=I
0 0 1 0 0 1 0 01
-1
F(—a):[F(a)} )
19.(BC) det(-A) =(-1)" det(A)
det (A7) = =1 = det(AdjA)=] A" t=1
()det(A) (AdjA) =] AT
Hence, |oA]=o" |A]=1 only when n =3k,ke z
20.(AD) Given, (A+B)? =A% +B? + 2AB
or (A+B)(A+B)= A% +B2 +2AB or A2+AB+BA +B2 =A% +B? +2ABor BA =AB

a 1 1—1_1—1a 1 a+2 —a+1_a—b 1+1
or b -1{l2 1|72 1|b 1| " |b-2 b-1|T|2a+b 2-1
The corresponding elements of equal matrices are equal.

a+2=a-b,a+l=2=a=-1

b-2=2a+b,-b-1=1>b=-2 = a=-1b=-2
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21.(ABC) Given, AB = A, BA=B
= BxAB =Bx A Or (BA)B=B Or B?=8B
Also, Ax Bx A =AB
= (AB)A=A = AZ=A
Now (AT)2 =(AT xAT)=(Ax A)T =(A2)T =AT
Similarly, (BT )2=B"
Hence, AT and BT are idempotent

22.(AC) A is an orthogonal matrix.

AAT =
JJt 2 2], /1 2a] 100
or Zl2 1 2|=|2 1 2|=lo0 10
37a2 b¥32—2b 001
J[t 2 2]t 2 a] [1 0 0]
or Zl2 1 2||2 1 2|=l0 1 0
97a2 b|l2 2 b| [0 0 1]
9 0 a+4+2b] [9 0 O
or 0 9 2a+2-2b|=|0 9 0O
a+4+2b 2a+2-2b a’+44p2| [0 0 9
= a+4+20=0,2a+2-2b =0 anda® + 4 +b%2 =9
= a+2b +4=0, a-b+1=0 and a2 +b2=5
= a=-2,b=-1
23.(ACD) Given, A% + A+ 21=0
= AZ L A=-2]
= 1AZ +Al=]-21]
= IAIIA+ | =(2)"
= IA]=0

Therefore, A is non-singular; hence, its inverse exists. Also, multiplying the given equation both sides

with A‘l, we get

1
-1
At=—Z(A+1)
2
24 .(AC) We have,
1 tan6 _1_ 1 1 -tan®
-tan06 1 1+tan?e|tano® 1

a -b 2 1 -tano 1 -tan® > |1-tan®6 -2tano cos20 -sin260
= =cos“ 0 =C0s“ 0 =l .
b a tan© 1 tan© 1 2tan® 1-tanZo sin20 cos26

a =c0s20,b =sin206
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25.(ACD) B is an idempotent matrix
B2=B
Now, A2=(1-BP=(1-B)(1-B)=1-1B-1IB+B?
=1-B-B+B?=1-2B+B=1-B=A
Therefore, A is idempotent. Again,
AB=(1-BB=IB-B2=B-B?2=B?-B%2=0

Similarly, BA=B(I-B)=BI -B? =B-B =0.

26.(AB) Let | =k =1(say). Then, A/A =A A =AA
000 11]f0oo0 01 1000
0010||0010 0100
AA = = X = :I
'kAlAl01oo 0100 0010
1000|1000 0 00 1
0 0 0 i 0 0 0 i 1000
- . 1
AZAzzogloxoolo:o 0o0|_,
0O i 0O 0O i 0O 0010
i 0 0 0| |4 0 0O 000 1
AiAk+AkAi:I+I:2I
Ifizkleti =3 andk =2, then
0 00 1] [0 0 0 i i 0 0 O
0 010[/|0 o0 - 0 |0 i o0oO
AA =AA, = x -
'kAl201oo 0O i 0 0| |00 -4 O
1 0 00| |- 00O O] |0 O O i
o o0 0o i][o oo 1] [4 0o 0 o
0O 0 -4 0/|0010 |0 i 0O
AA, = X = = A, + A =0
21710 i o0 ol|lo1 00/ |0 04 O Aafz + A2y
i 0 0 0/ |1 0 0 O] [0 O O -i
27.(AC) Sin A = CO_SG sin6 and cosA = sin6 C?Se
| —sin 0 cosoO cosO sino

|sinA|=cosze+sin29=1.
Hence, sin A is invertible.

cosO sin0||cos6 -sin®
—-sin® cosO||sin® coso

_|cos?0+sin?6 0 _{1 O} i
0 cos2 0 +sin?0 01

cosO sin0O||sin® coso
-sin® cos6||cosO sin6

Also, (sin A)x(sin A)" = {

Hence, sin A is orthogonal. Also, 2sin Acos A = 2{

s 2sin0cos®  cosZ0+sinZ _z{sinze 1
cos20-sinZ9 0 cos206 0O

} # Sin2A
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dj(A
28.(AB) A7l = adi(4)
1A]
adj(adj A AP 2A A
adj ayt-2d@dA) | r A
ladj A A 1A]
Also  A(adj A)g Al
or AYadj AHg4A T or A Y(adj A—1)=m
A a1y A LAl
or AA(adj A~")=—— or l(adj A7) =——
1Al 1A]
A
or @dj Ay =— =(adj A)*
1A]

29.(ABD) See theory.

cosa sina O |/ cosa cosPp cosy
30.(ABD) A=|cosp sinf O|/sina sinf siny
cosy siny O 0 0 0

Thus, A is symmetric and | A ] =0; hence, singular and not invertible. Also, AAT %1

31.(ABC) All are properties of diagonal matrix.
32.(ABC) Given that A and B commute, we have
AB = BA (- A and B are symmetric) .. (1)
Also, AT =AB" =B .. (2)
(A‘lB)T = BT(A‘l)T -BA™?! (- if Ais symmetric, Al is also symmetric)

Also from Eq. (1),
ABAl=-B .. (3

or Alaga1l-a1B or BAl-A1B or BAl-aAlB
Hence, from Eg. (2),

(AB) =A'B
Thus, A'B is symmetric. Similarly, AB7! is also symmetric.
Also, BA=AB or (BA/1=ABy1 or ABt=BA?t or (aBBYH =B1AY
—(A TR —algt

Hence, A™*B 1 is symmetric.

33.(BC) Since A is skew-symmetric, AT =—A. we have,
A%+1=0 = AZ=-1 or AA=-1
= A(-A) =1 = AAT = |
Again, we know that

IAl=]1AT | and [KA|=K" |A]
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Where n is the order of A. Now,
AT =(-1)"xA or IAT =@ Al or [-(1"]1A]=0
Hence, either |A]=0 or 1-(-1)" =0, i.e., nis even. But A2=0 -1 =1
= IAP=CD"111=(-1" 20
Hence, the only possibility is that A is of even order.
34. The given determinants is the product of the determinants [a, b, O|x|a, B, 0/=0

x3-1 0] x - x4 1 x x2
35. D.=| O x —x%  x3 -1|is the determinant formed by the cofactors of determinant D =| x x2 1
x-x* x3-1 0 x2 1 x

Hence, D, = D2 :32 =9.

36.(ABD)
(A) Total number of different matrices = 9C5 = 9-8-7-6 =126
4.3-2-1
2 21
(B) 2 21 = 3C1 such matrices
11 2
2
1 = 3C1 such matrices
1
= 3+3x3=12 symmetric matrices
©) First 3 matrices in which all diagonal elements are 2 are symmetric
2 1 2
1 1 2}isnonsingular
2 21
2 21
2 1 2|isnonsingular
1 21

= out of 12 symmetric 6 non singular & 6 singular matrices = probability :%

(D) max. trace is6 = number of matrices =6C2 =15

MEQB 9 Solutions | Matrices and Determinants



l!!l Vidyamandir
Classes

Gurukul for IITIEE & Medical Preparation

Matrices and Determinants

Miscellaneous Exercise Question Bank Level -2
1 -10
37. B =adj(adj(A)=|A|A=-20{2 -2 5
0 4 3
| Al=—6—20+(6) =—20
Trace (B) =-40 A)—Qq)
3 3
ZZbij=—20(1—1+0+2—2+5+0+4+3)
i=1 j=1
=240 B)—>r)
Adj(A)-B| 1 .
AGY-Bl_ L s
| 1AR | Al
1
=—— | AP|A[*=1 C)—> p)
| Al
4
Bl _TAL | AR-400 D))
|AdjAl | A]
2 1 -3
38. (A) 1 -2 1]=2(18-8)—(-9-1)—3(8+2) =20+10-30=0
1 8 -9

10 -15 -5)(1) (0
adj(A)-B=|10 -15 5| -4|=|0 A) > q)
10 -15 -5){14) |0
1 5 2
(B) 3 -1 1|=-28-5(20)+2(63+1) =0
1217
28 7 7 )\(-1
adj(A)-B=|-20 5 5 | 2|#0 B)—s)
64 -16 -16) 6
2 -3 1
©) 3 1 -2|=2(-5+4)+3(-15+8)+(6-4)
4 2 -5
=-2-21+2+0 C)-p)
(D) 4a? +b2 +16¢2 — 2ab + 4bc —8ac = 0
= (2a-b)? + (b—4c)? + (4c—2a)*> =0 = 2a=b=4c#0

= 3 equations represents a plane x+y+z=0 D) —r)

MEQB 10 Solutions | Matrices and Determinants
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b
Let d =ad-bc=0

a
C

ad =bc = p (say)

with no zero entry

p Number of matrices
possible

1 1
2 4
3 4
4 9
5 4
6 16
7 4
8 16
9 9
10 4
12 16
14 4
15 4
16 9
18 16
20 4
21 4
24 16
25 1
27 4
28 4
30 4
32 4
35 4
36 9
40 4
42 4
45 4
48 4
49 1
54 4
56 4
63 4
64 1
72 4
81 1

209

With zero entry
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a
C

209 x 171 = 35739

0 . a b .
=81 choices, =81 choices,
0 00

a 0 .
=9=171 matrices
00

(B) D> D(A)=0VAeS, inwhich there is no zero entry

a o0
> ‘:9(1+2+3+...+9)2 = 9% 452
acd =0

a b 9 9
> =9(1+2+..+9)° =9x45
abd:tO0

ab 9 9
> =—9(+...+9)° =-9x45
abc=0

a o0
> ‘:(1+2+...+9)2
ad:tO0
> D(A) =10(45)? = 20250
AeS

(C) D T(A)=1000(1+2+...+9) +900(0 +1+2+...+9)

AeS
=1900x 45 =85500

(D) Z T'(A)=9000+1+2+...+9)+900(0+1+...+9) =1800x 45 =81000

AeS
A—>r1),B—>p),C—q),D—5)

20 "Cea 0 |G 0 | _|"Cy "Gy 0
0 "CJL 0 "Cuu 0 "Cy "C
nz—l "Cr1 "Cy 0 _ "Cy"C +"C,"Cy +..+"C, L, "Cry 0
ko1 0 "C, "Crn 0 "C,"C, +"C,"Cy +...+"Cry e,
_ NC.,-n 0 N Cy 0 {a o}
0 2nC ., -n 0o 2c,,| LOD
A—->r1),B—>q),C—>p),D->ys)
41. (AB)" = A"B'
(AB)Hl — Ar+1Br+1 — A'B".AB = Ar+1Br+1 — B'A=AB"
(AB)F+2 _ Ar+2 Br+2 = Ar+1Br+1AB — Ar+2 Br+2
= Br+1A= ABr+1
= BB'A=B-AB"=AB""
= BA=AB
A—q),B—>r),C—op),D>5)
MEQB 12 Solutions | Matrices and Determinants
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42. A-s; B-r; C-q, r; D-p
X+2 X+3 x+5

(A) The given determinantis A=x+4 X+6 X+9
X+8 x+11 x+15

Applying R, - R, —R; and R; - R3 -R,, we have

X+2 X+3 X+5
A=| 2 3 4

4 5 6
X X X+1
=212 3 4 [Applying R; - R; -R, and R3 - Ry - R,]
11 1
x 0 1
=212 1 1 [Applying C, - C, -C; and C3 - C53-C,]
1 00
=-2 [Expanding along R3]
6 x2-13
(B) 2 x?-13 2
x?-13 3 7

Let x2-13=t. Then

t3-67t +126 =0 = t=-92,7 = x=12,+20,£15
Hence, sum of other five roots is 2.
J6 2i 3+46

(©) A=W12 3 +48i 3V2+ 6
\/:IE \/E+\/]Ei \/§+2i

Taking \/E common from C;, we get

1 2i 346
A=vB6N2 32421 32 +6i
V3 V2123 3J3+2i

Applying R, - R, —«/ERl and Rz - R, —\/§R1, we get

1 2 3+/6

A={B 3 \Bi-203 :@fi ﬁzﬁ

o V2 2i-3%2 2 2i-32

3 23 _ .
=\/€\/\g _3\/\/; [Applying C2—>C2—\/E| Ci]
- J6(-3V6 +216) — _6, which is an integer

MEQB 13 Solutions | Matrices and Determinants



l! Vidyamandir
Classes

Gurukul for IITIEE & Medical Preparation

cos’0  cosOsin® -sinod

(D) f(0) =|cosOsin® sin? o cos 6
sin6 —cos9 0]

Applying R; — Ry +(sin®)R5 and R, - R, —(cos0)R5, we get

1 0 -sin®
f(0)=| O 1 cos 0 —sin?0+cos?h=1 = f(n/3)=1

sin® -coso 0

43. A-p,q, r; B-q; C-s; D-p, q, r.
(A) Multiplying C; by a,C, by b and C5; and c, we obtain

a b a+b
c c
b +c b c
A=—— — —
abc a a a
b(b+c) b(@a+2b+c) b(a +b)
ac ac ac
Applying C; - C; +C, +Cg3, we get
b a+b
0 - -
c c
1 b c
A=——0 — —
abc a a
ba+2b +c) b(a +b)
ac ac

This shows that A is independent of a, b, and c.
(B) Applying C; - C; —(cotb)C,, we get
0 sinasinb cosa
A= 0 cosasinb -sina
—-sina /sinb sinacosb 0

sina ) 2 . .
=—— b[—smbsm a —cos“asinb] [expanding along C,]
sin
=sina
© Taking 1/sinacosb, 1/sinasinb,1/cosa common from C;, C,, C5, respectively, we get
1
A=—7y A
sin“acosasinbcosb
1 1 1 0 1 1
where A, =|-cota -cota tana = 0 —cota tana
tanb -—cotb 0 1/sinbcosb -cotb 0
Applying C; - C; -C,, we get
1
=——[tana +cota] =— -
sinb cosb sinacosasinb cosb
14 Solutions | Matrices and Determinants
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a’® DbsinA csinA a’? asinB asinC
(D) bsin A 1 cosA | =lasinB 1 Cos A
csinA CcosA 1 asinC cosA 1
1 sinB sinC 1 Y Y
=a?lsinB 1 cosA| =a?|sinB 1-sin’B cosA -sinBsinC
sinC cosA 1 sinC cosA -sinBsinC 1-sin®C

[Applying C, — C, —(sinB)C; and C5 — C5 —(sinC)C,]
= a2[cos2 B cos?C — (cosA -sinB sinC)Z]
= a2[cos2 Bcos?C — (cos(B +C)+sinBsin C)Z]

= a2[cos2 B cos?C - cos? B cos? C]

=0
44. A-s; B-p; C-q; D-r
(A) Since A is idempotent, we have
A% =A
= A3 =AAZ = AA=AZ=AAY=AAS=AA=AZ=A
= AN = A
= (I- A" ="Cyl -"C A +"C,A% -"CA% 1.
=1+(-"C;+"Cy, -"Cg+...)A =1+[("Cy-"C +"C,-"Cq+....)-"ChlA=1-A
(B) A is involuntary. Hence,
A% = |
= A3=AS=._ =A and A2=A%=A%= =]
= (I- A" ="Cyl -"C;A +"C,AZ ~"CA% 1
="Col -"C;A+"C,l -"C3A+Cyl -
=("Co+"Cyo+"Cy+. N -("C;A+"C5 +"Cg +..)
A=2"1-A)
= (1 -AMA L =2"Y—a)at=2"La 1))
© If A is nilpotent of index 2, then
A2=pA3=-pA% . =A"=0
= (I- A" ="Cyl -"CA +"C,AZ —"CA% 1
=1-nA+0+0 +...
=1-nA
(D) A is orthogonal. Hence,
AAT = |
= (ATYt=A

MEQB 15 Solutions | Matrices and Determinants
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45. A-r; B-s; C-p, r; D-p,q, r, s.

A Since A is idempotent, A2 =pAS - A% - = A. Now,
p
A+ =1+"C,A+"CoAZ 4.+

=1+"CA+"C,A+.+"C A =1+("C +"Cy +

= 2" _1=127 =
(B) We have,

(1-A)1+A+AZ+...+A)

=1 +A+A% .+ AT +(cA-AZ A3 _ A% - AB)

=1-A8 = (if AB=0)

© Here matrix A is skew-symmetric and since | A |4 AT |

ncn An

n=7

w+"CHA =1 +(2" -DA

=(-1)"|A], so JA]@L-(-1)")=0. As n is odd, hence | A| = 0.

Hence, A is singular.

(D) If A is symmetric, Al is also symmetric for matrix of any order.

46. A-q; B-p; C-s; D-r

(A) IAI=2 = |2A7Y=28%/]A)=4

(B) ladj (@djRA)H2A =222 |AF=212 /212 =1

(©) (A+B)? =A% +B?
= AB+BA=0 = |AB|H4-BA|=-|BA- -] AB|
= |ABJ=0 = IB]=0

(D) Product ABC is not defined.

a b
47.(B) A:L d}

= A% —(a +d)A +(ad —bc)l

:{a b}{a b}—(am){a b}(ad—bc){l O}
c dilc d c d 0 1

ac+cd ad+d?

_|a®+bc ab+bd| |a®+ad ab+bd
ac+cd bc+d?

{ad -bc
+

0]

48.B) If A=0,tr(A)=0, Suppose A =0 and A :{a (ﬂ .Then | A0 and A? —(a +d)A +(ad —bc)l =0
c

= a+d=0

49.(D) (I + A0 =100c |00 100 199A 4 4100C, ~ AL00

=1+100A+0+0+...40
=1 =100A
50.(C) AB=A = |AB|=|A|

= |AEOor|BE1

MEQB
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BA=B =|BA|=|B]

= |AElor|B|=0

If ] A]=0, then from equation (2), | B[ 0

If | B|=0, then from equation (1), | A0

51.(C) AB=A,BA=B

ABA = A? or A(BA)=A? or AB =A% or A = A?

Similarly, B2-B

(A+B)? =A% +B?+ AB +BA
=A+B+A+B=2(A+B)

(A+B)° =(A+B)’(A+B)=2(A+B)? =2%(A+B)

= (A+B) =25(A+B)=64(A+B)

52.(C)

=1 +5A+10A+10A +5A + A (-

=1+31A

53.D & 54.C

;7 &, a3

A Ay, dp3

a3z, dgg

=82
az;
8, ta;3

= B = a,, +asg

Azp +agzs
Al
= X=A"B

Cll C21

1

1A] C12
C13 C23

@)

22

= [A71B]=2

55.B, 56.D, 57.B

(A+1P° =1+5A+10A% +10A3 +5A% + A®

8,1 ta;3 aq7+ag,
8y, +tay3 8y +ay,

a3y tazz ag;+ag;

Cap||ap+a13 345 +a3

C

Caz||@gp gz @gy+agz Az +ag,

Or ‘A‘l I B‘ =2 Or

AN AN 2 A2 | 5 A0 A8 A2

Further,

A% = A% L A%

A% = A% L A%

A2=A = A% -A%=

8,1 +a1,

32 ||822 853 8py+a8y3 Ay t+ay,
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0 Al IAI} |O
=—I Al O [JA]=|1
1

11
01
Al AL 1A1 O 10

IBI=2]A]

10 0/1 00| (2100
Here, A%2=|1 0 1{/1 0 1|=(11 O
0 1 0f010 (201
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58.C

59.D

60.B

25 0 0 100 1 00
= A0 _|2o5 25 0 |-24|/0 1 0O|=|25 1 O
25 0 25 0 01| |25 0 1

1A ]=1

Also, tr(ASO) =1+1+1=3. Further,

1 0 0Oflx 1 X 1
25 1 0||ly|=|25|=|y|v,=|0
25 0 1|z 25 z 0
0 o 100
Similarly, u, =|1|and U; =|0|=uU|0 1 0| ie,|Ju]=1
0 1 001
2 1 1] L 00
A=(2 3 4| = aAl=/0 a2 O
1 -1 -2 0 0 X
[2-2 1 1
= A-M=| 2 3-2 4
-1 -1 -2-%

. det(A — 2l )= ~(h—1)(% +1)(A - 3)

Thus, the characteristic roots are -1, 1 and 3.

- 1

Option (A) is not correct since its characteristic determinant is N

The characteristic equation is A2 -1=0. Therefore, » =1, -1

Hence, eigenvalues are 1 and -1.
We similarly note that matrices given in options (B) and (C) have eigenvalues 1 and -1. Hence, they are
not correct.

Option (D) has characteristic equation (1—7»)2 = 0. Hence, eigenvalues are not 1 and -1.

a; b ¢
Let A=ja, b, c,
az by c3
a; -\ by cy
= A-Al=| a, b,-%2 ¢,
ag by Cy—A
= det(A -Al) = (@; —M(b, —A)(cg =) —bsc,]-b[ay(cy — 1) —asc,]+cq[abs —asb, —A)]

Now one of the eigenvalues is zero, so one root of equation should be zero. Therefore, constant term in
the above polynomial is zero.

a;b,cy —absc, —bjascs +bicrag +ciabs —cjagzb, =0 (collecting constant terms)
But this value is value of determinant of A.

detA=0

MEQB
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As second row of all the options is same, we have to look at the elements of the first row. Let the left

. a b c
inverse be .
d e f

b e
Then {2 :} 11 :{o J
€ 2 3

a+b+2c=1

. 1-5c 1+c
-a+b+3c=1,ie., b= ,a=
2 2

Thus, matrices in the options (A), (B), and (D) are the inverses and matrix in option (C) is not the left
inverse.

ab
Let right inverse be | ¢ d |. Then,

e f

Now, a-c+2e=1

b-d+2f =0
2a-c+e =0
2b-d+f =1

This system of equations has infinite solutions.

By observation there cannot be any left inverse for options (B) and (D). So we will check for (A) and (C)
only.

ab ab 1 2 4 1 00

For option (A), let the left inverse be [¢c d |. Then, |c d { }: 010
-3 2 1

e f e f 0 01

Now, a -3b =1,2a +2b =0 and 4a +b =0 which is not possible. For option (C).

b L4l o
MR ERR N
€ 5 4

= a+2b+5c=1,4a-3b+4c=0,d+2e+5f =0,4d-3e+4f =1
Therefore, there are infinite number of left inverses.

14 100

2—3{a b C}:o 10

s 49 Tl g0
= a+4d =1

2a-3d =0

5a +4d =0 which is not possible
Therefore, there is no right inverses.

MEQB
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64-66. (f(—l)+8)x2+(f(2)—1)x+f(4)+3=0
Has 3 roots a, b, ¢
= f(-1)=-8, f(2)=1 f(4)=-3

Let f(x)=ax?+bx+c

= a-b+c=-8
da+2b+c=1
16a+4b+c=-3

= a:—l, b=4, C=_3

- f(x)=—x?+4x-3
V(2,), A0, -3), B(x3, Y3)
y3-1_ -1
X3—2 2

2(—x§ +4%3-3-1)=—X3+2

2x% —9%3+10=0

X —Ey —E
3=5¥377
-8 -3 0
64.(A) |-3 0 1|=8=4x slope of AV
0 1 0
X Y1 XY2  XYs3
65.(A) XY =[x |(Y1 Y2 Y3)=|Xe¥1 Xo¥2 XoV¥3
X3 X3Y¥1 X3Y2 X3Y3
15 31

Trace =0+2+—=—
8 8

0 0 0

3

66.C) XY=|-6 2 =
2 115

2 2 8

X
XY y} =0 represents, 2 planes, hence a line.
z

1i3\
344

a c 0 0
67.(B) can be made in 7-7-7=7° ways of which is symmetric aswell as skew symmetric.
c b 00

a C

MR —¢? to be divisible by 7

68.(A)

MEQB 20
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69.(B)

70.(B)

If a=0,b#0=c=0= 6 matrices or b=0,a= 0= c=0= 6 matrices

a=0=b =1 matrix
Let a=0,b=0 then c=0 ie a,b,ce{l,2,3,4,5,6}
If a=b=c= 6 matrices

If a=b=c then a+c must be divisible by 7 ie.
= 6 matrices

Letazb=c
a b c Number of matrices
1 2 3,4 4
1 3 0
1 4 2,5 4
1 5 0
1 6 0
2 3 0
2 4 1,6 4
2 5 0
2 6 0
3 4 0
3 5 1,6 4
3 6 2,5 4
4 5 0
4 6 0
5 6 3,4 4
= 24 such matrices = 49 matrices
a b c N
0 0 0 1
1 6 0
2 5 0
3 4 0
4 3 0
5 2 0
6 1 0
1-» -2/3 0
-3 2-A 1]=0
3 -1 i
1-» -2/3 0 1-A
= 0 1-A 1-A=0 = @-2)
3 -1 -

- (1—k)[(1—x)2—2}=0 = A=L1+42

|
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71.(B) Matrix A satisfies
(1-A)((1-A)2-21)=0
(1- A)(A2-2A-1)=0
= AS_3A%+A+1=0 = A2 _3A+1+A1=0

=Y AL (A2 -3A+1)=—A2 +3A—1 ——L(A31A+1)+3A—I __1p3, 8404
3 37 3 3
2
L -3 0y .
72(D) |-3 2 1|ly|=1|y
3 -1 0|z z
X 1
y|=|0
z 3

73.(B) 6 non singular, symmetric matrices

74.(C) For infinitely many solutions, A must be singular matrix

0 0 -1 1
75.(B) 0 0 -1fy|=|1|=z=-1 x+y=0 infinitely many solutions
-1 -1 0)\z 0
0 -1 -1)(x 1
-1 0 0|y|=|1|= y+z=1 x=-1x=0 nosolution
-1 0 0z 0
0 -1 0 1
-1 0 -1||y|=|1|=y=-Lx+z=-1y=0 nosolution
0 -1 0)lz 0
0 0 O 1
0 -1 -1|y|=|1|= nosolution
0 -1 -1){z 0
-1 0 -1 1
0 0 0| yl|=]|1|=nosolution
-1 0 -1)\z 0
-1 -1 0 1
-1 -1 0|ly|=|1|= x+y=-1 infinitely many solution.
0 0 0O)\z 0

76.(D) | Adj(A) [ AP
2

A B C|l |a b c a b c
77.(A) B C Al=lb c a = b ¢ al=47
C A Bl |[c ab c ab

=3abc-a®-b°-c? =—(a+b+c)(a2+b2+cz—ab—bc—ca)§0 as a+b+c>0
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78.(B) Adj(AdjA) = A"? A
Adj(Adj(Adj A)) = Adj A""2 Adj A=| A["DO-2) aAgj(A)

79.(C), 80.(D), 81.(B)
In given determinant, applying C, - C, -C; and C3 - C3 -C,, we get

X+c a-¢ 0] a-c; 0] c, a-—-¢ 0]
f(x)=|x+b ¢c,-b a-c,| =x{L ¢c,-b a-c,/+|b c,-b a-c,

X +b 0 c3-b 0] C3—b| |b 0] c3-b

So, f(x) is linear. Let f(x)=Px +Q. Then f(-a)=-aP +Q, f(-b)=-bP +Q
bf (-a) —af (-b)
Then, f(0)=0xP+Q => Q=——"—""—+ .. (1)
(b-a)

c, —a 0] 0]

Also, f(-a)=lb-a c¢,-a 0 =(c; —a)(c; —a)(cz —a)

b-a b-a c3-a
Similarly,
f(-b)=(c; —b)(c, —b)(c5 -b)
9(x)=(c; —x)(c; —Xx)(cg —x) = g(a)=f(-a) and g(b) = f(-b)

Now from (1), we get f(0)= bg(a) ~ag(b)

(b-a)
82.(C), 83.(A), 84.(D)
The system of equations
X +cy+bz=0 .. (1)
cx-y+az=0 .. (2)
bx +ay-z=0 .. (3)
-1 ¢ b
has a nonzero solution if A=|c -1 a|=0
b a
= a2 +b%+c2+2abc-1=0
or a2 +b?+c? +2abc =1 .. (4)

Then clearly the system has infinitely many solutions. From (1) and (2), we have

X y z

ac+b bc+a 1-¢2

X2 y2 Z2

(@ac +b)? ) (bc +a)? ) @-c?)?

X2 y2 Z2

d-a?)1-c?) B 1-b2%)1-c?) B 1-c?)?
X2 y2 Z2

1-a? 1-b%? 1-¢?

or

[from (4)]

or

.. (5)
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From (5), we see that 1—a2, 1—b2, 1-c? are all positive or all negative. Given that one of a, b, c is proper

fraction, so 1-a® >0,1-b% >0,1-¢? >0, which gives

a?+b2+c%<3 ... (6)
Using (4) and (6), we get
1< 3+ 2abc or abc > -1 .. (7)

85.(A), 86.(B), 87.(C)

11 1
A=l 2 3=21+3+2-2-A-6=A-3
1 2 A
6 1 1
A =10 2 3=12)+3u+20-2u-101-36
w2 A
=2A+u-16
1 6 1
A,=0 10 3|=10A+18+u-10-3u-61r
1 p A
=4)-21+8
1 1 6
Ag={l 2 10/=2pu+10+12-12-p-20 =p-10
1 2 pn

Thus, the system has unique solutions if A0 or A =3 and the system has infinite solutions if

A=A =A,=A3=0 or A=3 and p=10. System has no solution if A=0 and at least one of A}, A,, A,

is nonzeroor A =3 and p #10.

88.(D), 89.(C), 90.(C)

L+x)?
Let, 1
1 +2x)P

Putting x =0,

@+2x)P 1
@+x2 @L+2x)°|=A+Bx +Cx2 +...
1 L+x)2
1 1 1
weget A=1 1 =0
1 1 1

Now differentiating both sides with respect to x and putting x =0, we get

a
B=|1
1

2b Of 1 1 1 1 11
1 1/+/0 a 2bl+|1 1 1|=0
1 11 11 1| |2b 0 a

Hence, coefficient of x is 0. Since f(x)=0 and f'(0)=0,x =0 is a repeating root of the equation

f(x)=0.
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91.(C), 92.(D), 93.(B)

3 3 X
>3 KX 5
N = =
Il
o

X-m n-y O
Applying R; - R; -R, and R, - R, -R3, weget| O y-n r-z{=0

m n z
= X-m)y-n)z+(n-y)r-z)m-n(r-z)(x-m)=0
Dividing by (x —m)(y —n)(z -r), we have
z m n z m n
+ + =0 or + + =0
Z-r X-m y-n Z-r X-m y-n
z m n z X y
or + +1+ +1=2 or + + =2=2
Z-r X-m y-n Z-r X-m y-n
z X y m n r
or -1+ -1+ -1=-1 or + + =-1
zZ-r X —-m y-n X-m y-n z-r
Now, AM.>G.M.
z X
" " ! z X 3 z X 8
- z-r x-m y-ng y or Yy <2
3 (z-r)(x-m)(y-n) Z-rx-my-n 27

94.(B), 95.(D), 96.(A)
2ax 2ax -1 2ax +b +1
f'(x)= b b+1 -1
2(ax +b) 2ax+2b+1 2ax+b
Applying C; - C; -C5,C, - C, -Cyg
—(b+1) —(b+2) 2ax +b+1
f'xX)=|b+1) (b+2) -1
b b+1 2ax +b
Applying R; - R; +R, and R; - R5 -R,, we get
0] 0] 2ax +b
f'xX)=pb+1 b+2 -1 =(2ax +b)[-b-1+b + 2]
-1 -1 2ax+b+1

f'(x)=2ax +b
f(x):ax2+bx+c
f(0)=2 = c=2
fQ)=1 = a+b+2=1 = a+b=-1
f'5/72)=0 = 5a+b=0
= a=1/4,b=-5/74

2

1 5
Hence, f(x):zx -——X+2

Clearly, discriminant (D) of the equation f(x)=0 is less than O.
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Hence, f(x)=0 has imaginary roots. Also, f(2)=1/2. And minimum value of f(x) is

25 41(2)

6 4 _ 7
1
4L 16
4

7
Hence, range of the f(xn) is {E oo].

97.(ABC)

8 27 82 7
12 3 5=[4 1 -2/=0 [R; > Ry > R, and R, - R, —Ry]
16 4 3 |4 1 -2

1/a a? bc 1 a® abc
1/b b? acl=——1 b3 abc [R, = aRy, Ry, bRy, Ry — CR;]

1/c¢ c¢? ab 1 ¢ abc

=—1 b3 1=0 [taking abc common from C;]

a+b 2a+b 3a+b| |a+b 2a+b 3a+b

2a+b 3a+b 4da+bl=| a a a [=0 [R, > R3-R5, Ry > Ry —R4]
4a+b 5a+b 6a+b 2a 2a 2a

2 43 6| |2 1 6

7 35 4[={7 7 4 [C, »C,-7C3]

317 2 |3 3 2

11 6
=lo 7 4/=2 [C; > Cy-C,l
0 3 2
X
a* el%ed 2 aX aX x2
98.(AC) g(x) = a3 e'%% a4l _lg-8x g3 44 (e'ogax‘axj
a5 elgea™ 4| @™ a> 1
a* aX x? a™ aX x?
v — 53X -3X 4| _ _|5-3x 3x 4 _ : H st nd
= g(-x)=|a a X7 =-la a X7 =-g(x) (interchanging 1%t and 2" columns)
a5x a—5x 1 a—5x a5x 1
= g(x)+9(-x)=0
= g(x) is an odd function

Hence, the graph is symmetrical about origin. Also, g,(x) is an odd function [where g,(x) is fourth
derivative of g(x)]. Hence,

92(X)=—-094(-X) = 94(0)=-0,4(0) = 9,(0)=0
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99.(CD)Applying C; - C, +C, +C5, we get

a+b-x a b 1 a b
A=la+b-x -x a|=(@+b-x)I —x a
a+b-x b —x 1 b —Xx

1 a b

=(@+b-x)0 -x-a a-b [Applying R, - R, -R; and R; - R; -R;]
O b-a -x-b

=(@a+b-x)x+a)x+b)+(a —b)2] [expanding along C; ]

=@+b-x)[x%+(@+b)x +a?+b? -ab]

100.(BD) Applying C; — C; —(cot¢$)C, , we get
0] sinfsin¢ cos6 0
A= 0] cosfsing -sinB=-——[-sin dsin?06—-cos?0sing]  [expanding along C 1
-sin6/sin¢ sin6cos¢ 0] sin
=sin®
L dA da
Which is independent of ¢. Also, — =cos6 = — =cos(n/2)=0
de
0=1/2
cosa -sina 1] |[cosa -sina 1
101.(AC) sina cosa 1 =|sina cosa 1 [applying
cos(a+B) -sin(a+p) 1 0 0 1+sinfB—cosp
R3; = Ry — R (cosP)+ R,(sinB) ]
=(1+sinB—cosp)(cos? o +sin’ a) =1+ sin B — cosp which is independent of a
a?+ax ab ac
1
102.(AB) A== a’ b%?+x bc
al 2 2
a“c bc c¢c“+x

Applying C; — C; +bC, +¢cC; and taking a +b? +c2 +x common, we get

a ab ac
1
A=—(@%+b%+c?+x)b b%+x bc

a 2
C bc c+X

Applying C, —C, -bC; and C; —C5 —cC, , we get

a 0 O
1 o 2 2
A=—@“+b“+cc+x)b x O
a
c 0 x

1
=—(a2 +b? +¢? +x)(ax2) = x2(a2 +b? +¢? +X)
a

Thus A is divisible by x andx?
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103.(ABC) Applying R3; - R; -xR, and R, - R, —xR; , we get

a -1 0
fx)=|0 a+x -1 |=a(@+x)>?
0 0 a+x

Hence, f(2x)- f(x)=a](@a +2x)2 —(a +x)2] =a(@a+2x —a)@+2x +a +x) =ax(2a + 3x)

104.(ABC) Operating C; -»C, -C;,C5; -»C5 -C,, we get

1 ac bc 1 c ¢
A=[1 ad bd|=abfl d d|ab(0)=0
1 ae be 1 e e

105.(AB) By partial fractions, we have

f@) . f ()

f(c)

900 = a)a-b)a o)

+
(b —a)(x -b)(b -c)

(c-a)(c-b)(x -c)
1 [f@x-b) foXa-c) few-a)

“@-bb-cc-a) | (x-a)

1 a f@)/(x-a) [ a a’
=l b f(b)/(x-b)|+l b b?

1 ¢ f(c)/(x-c)] L ¢ c?

1 a f@)loglx-al

= jg(x)dx:l b fd)loglx-b]+1 b b?|+k and ——=[1 b
| 5 dx
c c

1 ¢ f()loglx-c]|

1 a f@)x-a)? [@a2 a 1
=1 b f)x-b)?|l+b% b 1

1 ¢ fc)x-c)?| [c? ¢ 1

2x+4 2x+4 13
A'(X)=|4x+5 4x+5
16x -6 16x -6 104

106.(BC)

= A(x)=constant =>a =0,b=0.c=0

107.(AC) f(0) = sin® 0 + cos 0 — cos O(sin 0 + cos 0)

=(sin6 + cos 6)3 —4sin®cosO(sin® + coso)
=(sin 6 + cosO[1 — sin 20]
Now, f(®)=0

= tan6=-1or sin20=1
= f(0) =0 has 2 real solutions in [0, 27]
f(6)

—:sin9+c0596[—«/5, \/E]

Also,
1-sin20

(x —b)

1 a a’

x2+4x -3
26|+ [2x2 +5x -9 4
8x%2-6x+1 16 104

2

(x —¢)

1 a -f(@)x-a)-2| 1 a a?
—fb)x-b)2 |+[1L b b?

1 ¢ -f(c)(x-c)? 1 ¢ c?

dg(x)

13
26|=0+2x13x(0) =0
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110.(AB)

108.(D) Applying R, - R, -R; and R; - R5 —R;, we get

sin? A Ccot A 1

. . sin(A - B)

A =[sin(B+A)sinB-A) —

sin AsinB

. . sin(A -C)

sin(C + A)sinC-A) —

sin AsinC

Expanding along C, we get
A sin(A -B)sin(A-C)| sin(B+A) sin(C +A)
= - +
sin A sinC sinB

Gurukul for IITIEE & Medical Preparation

sinasinf

{ cota —cotp = M}

sin A sinC

_ sin(A - B)sin(A -C) {_ sin(r—C) N sin(r - B)

X Cr n —1Cr n Cr

109.(AC) xc, "c, "¢ |=0

X+2 n+1 n+2
Cr Cr Cr

sinB }

sin(A - B)sin(A —C){ sinC  sin B:l
= - +

sin A

sinC sinB

x! (n+1)! n!
ri(x—-r)! riin —r -1)! r'(n-r)!
(x +1)! n! (n+1)!
= =0
ri(x+1-r)! ri(n —r)! r'(n—r +1)!
(x +2)! (n+1)! (n+2)!
rix+2-n! rin+1-r) rYn-r+2)!
x!
Taking —————— common from C; , we have quadratic equation in Xx.
rix+2-r)!

Now in (1), if we put x =n -1,C; and C, are the same, hence,

x =n -1 is one root of the equation.

If we put x =n, then C, and C; are same. Hence, x =nis the other root.

3 0 2a?
A(X) = 3X 2a? 4a°x

3x2+2a% 4a’x 6a®x? +2a?

Applying C5 — C5 - XxC, , we get

3 0 1
A(x)=4a*| 3x 1 X
3x%+2a? 2x x?+2a?

Applying C; - C; -3C3, we get

0] 0] 1

AX)=4a*| 0 1 X =16a°

—4a® 2x x2+2a?

Applying C5 — C4 -xC,,C, —C, —xC;, we obtain
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111.(BC) In the left-hand determinant, each element is the cofactor of the elements of the determinant
Xy z
Yy z X|=A*(say)
zZ Xy
Hence,
Xy zlx y z X2 +y?+22 Xy+yz+zX XZ+YX +2X
A*2 = y z X|ly z X|= Xy e XXy
Z X Y|z Xy XY XY X2
r2 u? u?
=u? r? u? [ x2+y2+22=r2,xy+yz+zx:u2]
u? u? r?
n n+1 n+2 n 1 1
112.(AC) fn)=n! N+1)! Nn+2)|=n! nn! (n+1)(n+1)! [Applying
1 1 1 1 O 0

C; >C3-C,andC, »C, -C;]
=N+ +1)!-nn!=n![(n +1)2 -n] =n !(n2 +n+1)

Thus, f(n) is divisible by n! and n2+n+1

bc ca ab
113.(ABC) We have |[ca ab bc|{=0
ab bc ca

or (ab)? + (bc)? + (ca)® - 3(ab)(bc)(ca) = 0

Or (ab + bcw? + can)@bo+ bcw? + ca)(ab(o2 +bcw+ca)=0
Or ab +bce® +cam =0, abo+bco® +ca =0, abo? +bcw+ca =0
1 1 1 1 1 1 1 1 1
= —+—+—=0,—+—+—75=0,—+—+——F7=0
c? a bo co a bo c ao be?
1 1 1 1 1 1 1 1 1
= —+—+—5=0,—+—75+—=0, +—2+—:O
a bo co a bo co ao bo c
1 k 3
114.(AB) k 2 2/=0
2 3 4
Or 8+4k +9k -12-4k?-6=0  Or 4k? -13k +10=0
or 4k? -8k -5k +10=0 Or (2k -5)(k -2)=0 Or k=5/22
115.(AB) Appling R; — R; +sin¢(R,) +cosd(R5)
0 0O cos2+1

f(x)=A=|sin6 cos6O sin¢ :(c052¢+1)(sin29+cosze):(1+cosz¢)
—cos¢d sind cosd

Hence, A is independent of 0
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-2 1 1
116.(AC) A=[1 -2 1|=0
1 1 -2
a 1 1
A, =b -2 1|=3a+3b+3c
1 -2
-2 a 1
Ay=|1 b 1|=3a+3b+3c
1 ¢ -2
-2 1 a
A,=|1 -2 bl=3a+3b+3c
1 1
a a’® 0 1 a 0 1 a 0
117.(AB) A=|1 2a+b (a+b)l=all (2a+b) (a+b)| =a@+b)0 1 (a+b)| (R, >R,-R))
0 1 2a +3b 0 1 2a +3b 0 1 2a+3b

=a(@a+b)2a+3b-a-b)=a(a+b)a +2b)

a
118.(C) Symmetric c

c )
b} = 7x7x1x7=7° matrices

Skew symmetric

0 c 3 .
0 =7 = 7° +7—1=349 matrices
—C

119.D) |C | ACY < At
a b ¢ a b ¢ a b c
120.(D) a|-d 0 f|—b|0O d e+c|/0 d e
e —f O |- —f O |-d 0O f
= a(af ? +dfc —ebf ) —b(afe — be? + cde) + c(adf —bde +cd?)
=a?f? +adfc — aebf — abfe + b%e? —bede + acdf —bede +c?d? = (be —af —cd)?

a B oyl [l a o
121.(CD) D=la® B> y’xl B B*|=apy(a—B)’(B—1’(r— )’
(13 BB q{3 1 y yz
o+B+y=-2, afp+Py+ya=2, apy=—1
D = ofy((a—B)B— 1)y —))*

Roots of given equation are —1, o, ®?

D= —1((—1—@)(0) — 0?)(w? +1))2 = (0’ -0’ =3

122. Clearly aq +as =-b/a, oqap =c/a, and B1+B2 =—-q/p, B1f2 =r/p . System of equation

oqY + a2z = 0,Bqy + B2z = 0 has a non-trivial solution. So,
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a1 Oo R
=0, i.e,,0qB2 —aop =0
B B2
Or ﬂ:ﬁ_l Or ﬂ:(l_zz 01+ %2 = 9192 Or o+ o2 = “1%2
az  PBp B B2 BL+Ba  \BiBo BBz \BiB2
-b/a c/a 2 2
= = Or b“pr = qgq“ac
-a/p \r/p
1 1
x =x(x-1) =x(x-1)(x-2) 5
2 6 1 x-1 X“-3x+2
1 1 1 5
123. A=|y Ey(y—l) Ey(y—l)(y—z) :Exyzl y-1 y“-3y+2
1 1 1 z2-1 z22-3z+2
z —z(z-1) —z(z-1)(z-2
Lofe) La(e-1)e-2)
1 x x2-3x+2
1 2
:Exyzl y y°-3y+2 [R2—>R2+R1]
1 22 -3z+2
1 x x2
1 2
=Exyz1 y y [R3 >Rz +3R, - 2R |
2
z

- Dz(ey)ly-2)z %)

-2a a+b a+c
124. Let A=b+a 2a c-a
c+a c+b -2

-2a 0O a+c
Puttinga+b=0orb=-a,weget A=| O -2b b+c
c+a c-a -2c

Expanding along Ry,
A= —2a{—4ac—(c—a)2 -0+(a +c){0—2a(c+a)} =2a(c +a)2—2a(c +a)2 =0

Hence a +b is a factor of A. Similarly, b +¢c and c +a are the factors of A.

On expansion of determinant, we can see that each term of the determinant is a homogeneous expression
in a,b,c of degree 3 and also R.H.S is a homogeneous expression of degree 3.

-2a a+b a+c

A=k(a+b)(o+c)lc+a)=|p+a -2b b+c|=k(a+b)(b+c)(c+a)

c+a c+b -2c

0 1 2
Putting a =0,b =1,c =2, weget 1 -2 3|=k(0+1)(1+2)(2+0)
2 3 -4
Or 0—1(—4—6)+2(3+4)=6k Or 24=6k

MEQB 32 Solutions | Matrices and Determinants



l!!l Vidyamandir
Classes

Gurukul for IITIEE & Medical Preparation

k=4

-2a a+b a+c
Hence, b+a -2b b+c|= 4(a +b)(b +c)(c +a)
c+a c+b -2

125. Given equation is

_xyZ_OO
z t| |0 O

L[ ny y} x2 +yz xy+yt}{o o}

[z tlz t ZX +tz  zy +12 00
= x%+yz =0 1)
y(x+t)=0 2
z(x+t)=0 (3)
yz +t2 =0 (4)
From Egs. (1) and (4), we have x2 =t% or x =+t

Case I:
If x=t, from Egs. (2) and (3),y =0,z =0. Then from Eq (1), x =0 =t

Case II:
If x = —t, then Egs. (2) and (3) are satisfied for all values of y and z. if we take y = -,z = o then from
Eq. (1).
X =x,ap =-t
Obviously, case | is included in case Il (a =0-= B). Hence, the general solution of the given equation is
x y|_[#JuB B
X=-t==%oB,y=-,z=a = { }z
z t a  TF.JaP

Where o,B are arbitrary.

-1 1
126. A :[ }

0 -2
- AZZ{—l 1}{—1 1}{1 —3}
0 -2llo -2/ |0 4
= A2 +3A+21 {1 _3}3{_1 1}2{1 O} :{O O}
0 4 0 -2 0 1 0 0
= A% +3A+21 =0
Form Eq. (1), (1)
A% +3A%2 12A =0
or (A+1P-A=13 or A:(A+I)3—I3:(A+I)3+(—I)3
= B=A+landC =-1I

o-[E AL UL ] e[ 9]
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A B
127. Let P =[ }

c O

Consider the matrix equation PX =Q

o[ o)l
Which is equivalent to the following system of equations
Axp+Bxp =0qp 1)
Cx1+0 =q> )
From Eq. (2) we have
Cx1 =0z
Or C_1Cx1 = C_lqz
Or  x3=qC™* (3)
Putting the value of x1 in Eqg. (1), we get
qZAC_1 +Bxs =1
or 9B *AC 1+ B 1Bx, =Bl
or x5 =B g —q,B~1ACTE @)

Both Egs. (3) and (4) are equivalent to the matrix equation

1 -1 -1
0 C
{xl}: 0 C {ql}:) w_| © C 0 = pl_
x2| |1 _glac 1Az Bl _glac? Bl _glac?

128. Let P =1/2(A+A9)

And Q =1/2i (A —Ae) . Then,

A=P+iQ 1)

1 0
Now, P°-= —(A+A9)
2
1 0 1 1
=—A9+(A9) :—( 9+A):—(A+A9):P
2 2 2
Therefore, p is a hermitian matrix. Also

Q° - {%(A—Ae)}e
- (%J(A _A")9 _ —%{Ae —(Ae)e} - —%(Ae - A) - %(A —Ae) =Q

Therefore, Q is also a Hermitian matrix.

Thus, A can be expressed in the form (1). Since A is unique,
Let A =R +iS, where R and S are both Hermitian matrices. We have

A% = (R+is)? =R%+(15)°

=RY-is® =R -is (since R and S are both Hermitian)
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A+A% = (R+iS)+(R-iS) =
1 0
= R:—(A+A):P
2
Also, A-A%=(R+iS)-(R-iS)=2iS = S:?(A—Ae):Q
I
Hence, expression (1) for A is unique.
129. We have
2+3i 2 5
A=|-3-i 7 3-i
3-2i i 2+i
2+3i -3-i 3-2i
= AT =| 2 7 i
5 3-i  2+i
. |2-8 -3 3+2i] 2-3i -3+i 3+2i
= A =| 2 7 - or A= 2 7 -
5 3+i 2-i 5 3+i 2-i
2+3i 2 [2-3i -3+i 3+2i
A+AY =30 7 3-i|+| 2 7 -
3-2i i 2+i 5 3+i 2-i
-1+i 8+2i
=|-1-i 14 3-2i (1)
8-2i 3+2i 4
2+3i 2 5 2-3i -3+i 3+2i
And A-A%=|3-i 7 3-i|-| 2 7 4
3-2i i 2+i 5 3+i 2-i
6i 5-i 2-2i
=|-5-i O 3 (2)
2-2i -3 2
Adding Egs. (1) and (2), we get
4  -1+i 8+2i 6i 5-i 2-2i
2A=|-1-i 14 3-2i|+| -5-i O 3
8-2i 3+2i 4 2-2i -3 2
1 i . 5 i
2 ——+— 4+i 3i ——— 1-i
2 2 2
3 5 i 3
Hence, A=|-———-— 7 ——i|+| == —
2 2 2 2 2
3 .
4—i — 41 2 -1-i -—— i
L 2 . .
130.(2) System of equations
oX+y+z=oa-1 1)
X+ay+z=oa-1 (2)
X+y+oaz =a-1 (3)
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Since system has no solution.
Therefore, (1) A=0and (2)a-1#0

a 1 1
1 o 1/=0,aa#1
1 1 «
R1—>R1—R3,R2—>R2—R3

a-1 0 1-a
0 a-1 1-0/=0

1 1 o«
or (a-1)[a(a-1)-(1-0)]+(1-a)-(a-1)] =0
or (a-1)[a(a-1)+(a-1)]+(a-1)* =0
or (@ -1°[(a+1)+1]=0  or a=11-20ra=1-2

Since system has no solution, o #1.
oa=-2

131.(3) x+y+z =1
X+2y+4z=p

x+4y+1Oz=p2
1 1 1
A=1 2 4
1 4 10

Rl—)Rl—Rz,Rz—)Rz—R3

0 -1 -3
=0 -2 -6/=0
1 4 10

Since A = 0, solution is not unique solution.

The system will have infinite solutions if Ay =0,A> =0,A3 =0

11 1
Al: P 2 4|1=0
p2 4 10
C3—)03—CZ
1 10
Al: P 2 2/=0
p? 4 6
or 1(12—8)—1(6p—2p2):0 or 4-6p+2p2=0 or 2(p2—3p+2)=o
or p2—3p+2:0 = p=1or?2

Also for these values of p,Ay,A3 =0
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3u2 2u3
132.(0) [3v2 28 1=0
3w?2 2ws

Rl—)Rl—RZ and Rz—)Rz—R3

u2—v2 u3—v3 0 u+v u2+v2+vu 0
or v2 —W2 v3 —W3 0=0 or vV +W v2+w2 +vw Ol =0
w2 w1 w2 wi 1
Rl—)Rl—RZ
2 2
u-w (u -w )+v(u -w) 0 1 U+W+v O
2 2 _ 2 2 _
or VvV +W VS +WS +vw 0=0 or v+w vo+we+vw 0[=0
W2 W3 1 w2 w3 1
or (v2+W2+vw)—(v+W)[(v+W)+u]:O or v2+W2+vw—(v+w)2—u(v+w):O
or uv+vw +wu =0

133.(2) Using C3 -»C3 —(C1 +C3) in D; and Dy, we have
D; -2b(ad-bc)

D,  b(ad-hbc)

1 3cosH 1
134.(5) A =|sin® 1 3coso
1 sin® 1
Applying R3 - Rz -Rg
1 3cos6 1
=|sin® 1 3cos6| = —(sin®—-3cos6)(3cos6-sinb) :(3cos€)—sin9)2
0O sin6-3cos6 0]

Now, —/9+1 <3cosf-sin®<y9+1
= (3cos-sin 9)2 <10.1 = Apax =10
1 xX+y X+Yy+2

135.(4) A=x|2 3x+2y 4x+3y+2z
3 6x+3y 10X +6y+3z

11 X+Yy 11 1
2 C3 >C3-2C4| 3
=x“|2 3 4x+3y =x2 3 4|[C3—>Cz-yCy]|
C2 —>Cz—y01 3 6 10

3 6 10x +6y
-x3(6-8+3)=64

x3=64orx=4
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.

a12 +4a1d ag d
136.(1) A = a% +4a>d as d ,I:C3 —C3 —Cz]

a§+4a3d az d

Where d is the common difference of A.P.

a12 a; 1 a; a; d
=d a% a, lU+4dlar, ap d :d(al—az)(az—a3)(a3—a1):—2d4
a% az 1 az a3z d
Similarly, Ay = -2d*
1 x?2 xy4
137.(4) A:(xyz)n 1 y? oy = (xyz) (xz—yz)(yz—zz)(zz—xz)
1 22 4

1
Clearly when n = -4,A = [_2_

f d e
138.(2) B=22n | m
c ab

1 1 1(1 1]
x2 |22 y? )\x2 22

y

[Taking 2 common from R, and Cs]

2f d e
=2(2n | m
2c a b
a b 2
=2|d e 2f
I m 2n

139.(8) Putting x = 0,ag =1

(1+ax +bx2)4

2c a b
=212f d e [R3 <> Rz,then RZ L d Rl]
2n I m
=2A [C1 & Cy and then C, <> C3]

= (1+ax +bx2)(1+ax +bx2) (1+ax +bx2)(1+ax +bx2)

Clearlyag =1,a; = coefficientof x =a+a+a+a =4a

a, = coefficient of x? = 4b +6a%

3 3

apg +ajg +ap 0

ap =az =ap

2 1
1=4a =6a“+4b = a:Z,b:

140.(1) A?-2A+1,=0

A2 =2A—1|

A =2A7 - A=4A-2]-

A*=3A2 _2A=6A-3I
A" =nA-(n-1)I ;

_ 3
Now A = —(ao +aj +a;

- 3303132)

ap =azg =ap

32

A=3A-2I
—2A=4A-3I
A% _ 2016 - 20151
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sin30 -1 1
141.(8) |cos26 4 3|=0
2 7 7

7sin(30) + 14cos(20)—14=0
sin30+2c0s260-2=0

sin30 = 2(2sin?0)
3sin0—4sin0 = 4sin?0

Sin0 =0,4sin’0 + 4sinf—3 =0

sin9=0,l
2
1 1 1 1
101 1 2222
1EEE 2 2 2
-1 -1 1
142.(9) A= =0 —= —S|l=——
©) p L 11 6 144
2 3 3 1
0 0 —
111 1
2 3 4

143.(8) f(X)=(1—x+x%)e
f0) f0) f"O) |1 0 1
f'0) f"0) f"(O0)|=[0 1 4/=-8
fr©) f™©) fY@©| |1 4 9
1 -2 31 -2 3) (-2 -6 -8

144.6) A>=|0 2 4|0 2 4|=|-4 4 4
-1 0 -1\-1 0 -1/ (0 2 -2

2 -6 -8)1 -2 3 6 -8 -22
Ab=|-4 4 4|0 2 4|=|-8 16 0
0 2 2)l-1 0 -1 2 4 10

Trace (A%)=32=2° = Number of factors = 6

145.00) |A—1|= A-AA'|H AT =AH (I =AH 1 - A== A=1]
a—a b-p 0
146.2) | 0 B-b c—-y|=a(-B)c-y)-ba-a)c-y)+y(a—-a)p-b)=0 =
a b Y

a b Y
+ + =
a—a pB-b y-c
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